Abstract. In this article we describe the G × G-equivariant Kring of X, where G is a factorial cover of a connected complex reductive algebraic group G, and X is a regular compactification of G. Furthermore, using the description of K G× G (X), we describe the ordinary K-ring K(X) as a free module of rank the cardinality of the Weyl group, over the K-ring of a toric bundle over G/B, with fibre the toric variety T + , associated to a smooth subdivision of the positive Weyl chamber. This generalizes our previous work on the wonderful compactification (see [19] ). Further, we give an explicit presentation of K G× G (X) as well as K(X) as an algebra over the K G× G (G ad ) and K(G ad ) respectively, where G ad is the wonderful compactification of the adjoint semisimple group G ad . Finally, we identify the equivariant and ordinary Grothendieck ring of X respectively with the corresponding rings of a canonical toric bundle over G ad with fiber the toric variety T + .
Introduction
Let G denote a connected complex reductive algebraic group, B ⊂ G a Borel subgroup and T ⊂ B a maximal torus of dimension l. Let C be the center of G and let G ad := G/C be the corresponding semisimple adjoint group. Let W denote the Weyl group of (G, T ).
A normal complete variety X is called an equivariant compactification of G if X contains G as an open subvariety and the action of G × G on G by left and right multiplication extends to X. We say that X is a regular compactification of G if X is an equivariant compactification of G which is regular as a G × G-variety in the sense of [1, Section 3] . Smooth complete toric varieties are exactly the regular compactifications of the torus. For the adjoint group G ad , the wonderful compactification G ad constructed by De Concini and Procesi in [8] is the unique regular compactification of G ad with a unique closed G ad × G ad -orbit.
We now recall some facts and notations from [3, Section 3.1]. Let T denote the closure of T in X. For the left action of T (i.e. for the action of T × {1}), T is a smooth complete toric variety. Let F be the fan associated to T in X * (T ) ⊗ R. Then F is a smooth subdivision of the fan associated to the Weyl chambers in X * (T ) ⊗ R. Moreover, F = W F + where F + is the subdivision of the positive Weyl chamber formed by the cones in F contained in this chamber. Let T + denote the smooth toric variety associated to the fan F + (for details see [3, Proposition A1 and Proposition A2]).
Recall that there exists an exact sequence
where Z is a finite central subgroup, C is a torus and G ss is semisimple and simply-connected. In particular, G is factorial and B := π −1 (B) and T := π −1 (T ) are respectively a Borel subgroup and a maximal torus of G. (see [14, Corollary 3.7] and [15] ). In this article we consider the G × G-equivariant K-ring of X. We take the natural action of G × G on X through the canonical surjection to G × G. Here we mention that the main purpose of going to the factorial cover G of G, is in order to apply the description of the G × G-equivariant K-ring to describe the ordinary K-ring of X. Indeed, the relation of K G× G (X) to ordinary K-theory is simpler than that of K G×G (X), in view of the results of [15] .
Recall that, in [19, Section 3] , taking G to be the simply connected cover of G ad and T a maximal torus of G, we describe the G × G-equivariant K-ring of G ad . More precisely, we give K G×G (G ad ) an R(T ) ⊗ R(G)-algebra structure and determine the multiplication rule explicitly (see [19, Theorem 3.8] ). We further apply this structure to describe the ordinary Grothendieck ring K(X) as a K(G/B)-algebra (see [19, Theorem 3.12] ).
Our primary aim in this article is to generalize the above mentioned results on the wonderful compactification to any regular compactification X. With this aim in view, we first give a description of K G× G (X) as a free module of rank |W | over a canonical subring isomorphic to K T (T + ) ⊗ R( G) (see Theorem 2.2). Here K T (T + ) is the T -equivariant K-ring of the toric variety T + , which is further identified with the subring of K G× G (X) generated by P ic G× G (X), as an R( G) ⊗ R( G)-algebra. Furthermore, we determine a canonical basis for K G× G (X) as K T (T + )⊗R( G)-module, and describe the multiplication rule of the basis elements (see Theorem 2.4). In particular, when X is the wonderful compactification of G ad , the toric variety T ad + is the affine space A r , so that K T (T ad + ) can be identified with R( T ). Thus we get back [19, Theorem 3.8] in this case. Note that in the current notation, G denotes the simply connected cover of G ad and T ⊆ G is a maximal torus. We bring to notice here that [19, Section 2] contains general results on G × G-equivariant K-ring of a regular embedding, which are closely related to the results in this paper. In particular, Proposition 2.1 in this article is an extension of [19, Proposition 2.5 ] to the setting of G × G-equivariant K-theory (see [19, Remark 2.7] ). Moreover, in Proposition 2.1, we in fact show that we have the inclusion K G× G (X) ⊆ K T (T + ) ⊗ R( T ), as an R( T ) ⊗ R( G)-algebra. This is sharper than Using the above structure of K G× G (X) and applying ([15, Theorem 4.2]), in Section 3, we describe the ordinary K-ring of X. More precisely, we prove in this section that the subring generated by P ic(X) in K(X) is canonically isomorphic to R(T
Theorem 3.1, we show that K(X) is a free module of rank |W | over R(T + ). We finally construct an explicit basis of K(X) over R(T + ) and also determine the multiplicative structure constants with respect to this basis. It is worth noticing here that R(
where B acts on T + via its quotient T . In other words, R(T + ) is the Grothendieck ring of the toric bundle over G/B associated with T + . In particular, when X is the wonderful compactification of G ad , R(T ad + ) can be identified with K(G/B). Thus we get back [19, Theorem 3.12] in this case.
In Section 3.1 we compare the equivariant and ordinary K-ring of any regular embedding with that of the wonderful compactification, using the canonical surjective morphism f : X → G ad . We prove that K G× G (X) is a tensor product of K G× G (G ad ) (where the G action on G ad is via its quotient G ss ) and the subalgebra generated by P ic G× G (X), over the subalgebra of K G× G (G ad ) generated by P ic G× G (G ad ). The corresponding statement for the ordinary K-ring is analogous. Indeed, we give an explicit presentation for K G× G (X) as a K G× G (G ad )-algebra and K(X) as a K(G ad )-algebra see Theorem 3.2 and Theorem 3.3. Finally, Section 4 is an appendix on the equivariant K-theory of toric bundles with fibre a smooth semi-projective toric variety. We take the left action of a connected complex reductive algebraic group G on the total space and the base, and assume the bundle projection to be G-invariant. In Theorem 4.1 we give a presentation of the Gequivariant Grothendieck ring of the toric bundle as an algebra over the G-equivariant Grothendieck ring of the base.
This result is applied to give a nice interpretation of the presentations of K G× G (X) as a K G× G (G ad )-algebra and K(X) as a K(G ad )-algebra obtained in Theorem 3.2 and Theorem 3.3 of §3.1. Indeed it follows by Theorem 4.1 that K G× G (X) as a K G× G (G ad )-algebra and K(X) as a K(G ad )-algebra are respectively isomorphic to the G × Gequivariant and ordinary Grothendieck ring of a canonical toric bundle over G ad with fiber the toric variety T + (see Corollary 3.4).
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1.1. Preliminaries on K-theory. Let X be a smooth projective complex G-variety. Let K G (X) and K T (X) denote the Grothendieck groups of G and T -equivariant coherent sheaves on X respectively. Recall that K T (pt) = R(T ) and K G (pt) = R(G) where R(T ) and R(G) denote respectively the Grothendieck group of complex representations of T and G. The Grothendieck group of equivariant coherent sheaves can be identified with the Grothendieck ring of equivariant vector bundles on X. Further, the structure morphism X → Spec C induces canonical R(G) and R(T )-module structures on K G (X) and K T (X) respectively (see [15, Example 2.1] ).
Let W denote the Weyl group and Φ denote the root system of (G, T ). We have the subset Φ + of positive roots and its subset ∆ = {α 1 , . . . , α r } of simple roots where r is the semisimple rank of G. For α ∈ ∆ we denote by s α the corresponding simple reflection. For any subset I ⊂ ∆, let W I denote the subgroup of W generated by all s α for α ∈ I. At the extremes we have W ∅ = {1} and W ∆ = W . we have the following natural action of W given by : w(e λ ) = e w(λ)
for each w ∈ W and λ ∈ Λ. Recall that we can identify R(G) with R(T ) W via restriction to T , where R(T ) W denotes the subring of R(T ) invariant under the action of W (see [15, Example 1.19] ). Now, from (1.1) it follows that B := π −1 (B) and T := π −1 (T ) are respectively a Borel subgroup and a maximal torus of G. Further, by restricting the map π to T we get the following exact sequence:
Let W and Φ denote respectively the Weyl group and the root system of ( G, T ). Then by (1.1), it also follows that W = W and Φ = Φ. Further we have
where T ss is the maximal torus T ∩ G ss of G ss .
Recall we can identify R( G) with R( T ) W via restriction to T , and further R( T ) is a free R( G) module of rank |W | (see [16, 
is the tensor product of a polynomial ring and a Laurent polynomial ring, and hence a regular ring of dimension r + dim( C) = rank(G) where r is the rank of G ss .
We shall consider the T and G-equivariant K-theory of X where we take the natural actions of T and G on X through the canonical surjections to T and G respectively.
We consider Z as an R( G)-module by the augmentation map ǫ : R( G) → Z which maps any G-representation V to dim(V ). Moreover, we have the natural restriction homomorphisms K G (X) → K T (X) and K G (X) → K(X) where K(X) denotes the ordinary Grothendieck ring of algebraic vector bundles on X. We then have the following isomorphisms (see [15, 
Let R( T ) W I denote the invariant subring of the ring R( T ) under the action of the subgroup W I of W for every I ⊂ ∆. Thus in particular we have, R( T ) W = R( G) and R( T ) {1} = R( T ). Further, for every I ⊂ ∆, 
for every I ⊆ ∆, and hence we obtain the analogous statement for R( T ). Let W I denote the set of minimal length coset representatives of the parabolic subgroup W I for every I ⊂ ∆. Then
where Φ I is the root system associated to W I , where I is the set of simple roots. Recall (see [12, p. 19] ) that we also have:
Let α 1 , . . . , α r be an ordering of the set ∆ of simple roots and ω 1 , . . . , ω r denote respectively the corresponding fundamental weights for the root system of (G ss , T ss ). Since G ss is simply connected, the fundamental weights form a basis for X * (T ss ) and hence for every λ ∈ X * (T ss ), e λ ∈ R(T ss ) is a Laurent monomial in the elements 
We shall also denote by {f 
In R(T ) let (1.14)
Equivariant K-theory of regular compactifications
In this section let X be a projective regular compactification of G. We follow the notations in Section 1 together with the following:
Let F + (l) denote the set of maximal cones in the fan F + . Then we know that F + (l) parametrizes the closed G × G-orbits in X. By Prop. A1 of [3] , X T ×T is contained in the union X c of all closed G × G-orbits in X; moreover all such orbits are isomorphic to
Note that F + is combinatorially complete (see [ 
Proposition 2.1.. There is a chain of injective morphisms of R( G) ⊗ R( G)-algebras as given below:
Moreover, the R( T )-algebra structure of
Proof: Note that we have a split exact sequence
where the second map is (t 1 , t 2 ) → t 1 t
−1
2 , and the splitting is given by t → (t, 1).
Recall from [19, Theorem 2.1] that via restrictions to the
and the cone σ ∈ F + (l) has a facet orthogonal to α, and that
) whenever χ ∈ X * (T ) and the cones σ and σ ′ ∈ F + (l) have a common facet orthogonal to χ.
(In (ii), χ is viewed as a character of T × T which is trivial on diag(T ) and hence is a character of T .)
Furthermore, by taking W × W -invariants, [19, Corollary 2.2] and (2.16) above imply that,
and the cone σ ∈ F + (l) has a facet orthogonal to α. 
where T σ denotes the stabilizer at z σ and R( T σ ) = K T (z σ ). Moreover, (2.17) is injective and the image of K T (T + ) can be identified with the
) whenever χ ∈ X * (T ) and the cones σ, σ ′ ∈ F + (l) have a common facet orthogonal to χ. Furthermore, (2.17) is compatible with the canonical R( T )-algebra structure on K T (T + ), and the R( T )-
, generated by the elements (a σ )⊗b such that a σ − a σ ′ ≡ 0 (mod (1 − e −χ )), whenever σ and σ ′ share a facet orthogonal to χ ∈ X * (T ).
Further, since R( G) = R( T ) W , from the relations (i) and (ii) it
, and hence over R( T ) ⊗
R( G).
Furthermore, from the relation (ii) above, any element
Further, the above direct sum is a free
where C I is as defined in (1.9) and {f v } is as defined above. Moreover, we can identify the component
above direct sum with the subring of K G× G (X) generated by generated by P ic G× G (X).
Proof : Recall from Notation 1.1 that we have the following decompositions as R( T ) W -modules:
clearly satisfies the relations (i) and (ii), which define
, and using the fact that
We now require to prove that L = K. This we do in the following lemma, using the inclusion
Further, R( T ) = R( T ) sα e ωα R( T ) sα for every α ∈ ∆ where ω α is the fundamental weight corresponding to α ∈ ∆. Hence
Note that, after localizing at t α = β =α (1 − e −β(u) ), the only con-
are the one corresponding to α and the condition (ii). This fact together with (2.23), implies that
Further by the following equalities 
This implies that a divides 1−e −α(u) and 1−e −β(u) for distinct α and β, which a contradiction since 1 − e −α(u) and 1 − e −β(u) are relatively prime in the U.F.D, R( T ) ⊗ R( G) (see [2, p.182] ). This contradiction implies that K/L = 0 and hence K = L. This proves (2.18). We prove the remaining assertions of the theorem below.
Let P L(F + ) denote the piecewise linear functions on C + that are linear on the subdivision F + . More precisely, P L(
By the parametrization of line bundles on spherical varieties (see [4, §2.2]) we know that the group of isomorphism classes of G× G-linearised line bundles on X is isomorphic to P L(F + ). Let L h denote the line bundle on X corresponding to h ∈ P L(F + ). Then L h is G× G-linearized and B − × B acts on the fibre L h | zσ by the character (h σ , −h σ ), where z σ denotes the base point of the closed orbit Z σ . Moreover, z σ is also the T × T -fixed point in T + corresponding to σ ∈ F + (l). Hence it follows that L h := L h | T + is the T × T -linearized line bundle on the toric variety T + corresponding to the piecewise linear function h ∈ P L(F + ).
In particular, T − × T acts on the fibre L h | zσ by the character h σ .
It suffices to show that the piece
h ∈ P L(F + )}, which is the subring generated by P ic G× G (X).
Recall that under the canonical inclusion
. Here we use the identification
it is also known that P ic
, where for ρ ∈ ∆(1), the piecewise linear functions u ρ (σ) on the fan ∆ which generate K T (X(∆)) as a ring, correspond to the classes of the T -equivariant line bundles L uρ ). Thus it follows that the image of 
More explicitly, the above isomorphism maps an arbitrary element
Proof: Note that α∈I (1−e α(u) ) is not a zero divisor in the integral domain R( T ) and hence in K T (T + ) which is a free module over R( T ).
Thus each piece
Further, in the direct sum decomposition
Note that the right hand side of (2.28) belongs to
Thus using (1.14), (2.28) can be rewritten as (2.29)
Now, using the isomorphism (2.27), in
Ordinary K-ring of the regular compactification
In this section we shall describe the ordinary K-ring of X using the results in Section 2.
Let c K : Recall from [21, Theorem 6.4] that we have the following StanleyReisner presentation of the T -equivariant K-ring of T + :
Further, since (2.17) is compatible with the canonical R( T )-algebra structure on K T (T + ), and the R( T )-algebra structure on σ∈F + (l) R( T σ )
given by the diagonal map, it follows that as an R( T )-algebra
has the following presentation:
: ρ j ∈ F + (1)] generated by the elements X F for F / ∈ F + and (
) − e α for α ∈ ∆. Here v j denotes the primitive vector along the edge ρ j . Let
where
Then it follows from (3.33) that
Theorem 3.1.. We have a canonical R(T + )-module structure on K(X),
Moreover, K(X) is a free module of rank |W | over R(T + ), R(T + ) being identified with the subring of K(X) generated by P ic(X). More explicitly, let
for v ∈ C I for every I ⊆ ∆. Then we have:
Further, the above isomorphism is a ring isomorphism, where the multiplication of any two basis elements γ v and γ v ′ is defined as follows:
Proof: By Theorem 2.2 we have the following direct sum decomposition of K G× G (X) as an R( T ) ⊗ R( G)-module
Now, using the isomorphism
(see [15] ) and (2.27) we get:
Further, under the canonical restriction homomorphism
the subring generated by P ic G× G (X) in K G× G (X), maps surjectively onto the subring generated by P ic(X) in K(X). Hence by Theorem 2.2 it follows that in (3.41), the subring generated by P ic(X) in K(X) maps isomorphically onto the piece R(
Then by Theorem 2.4 and (3.41), it follows that K(X)
is a free module of rank |W | over the ring R(T + ) with basis γ v for v ∈ W , where R(T + ) is identified with the subring of K(X) generated by P ic(X). Further, recall from Theorem 2.4 that the multiplication of two basis elements 1⊗f v and 1⊗f
Thus their images γ v and γ v ′ in I⊆∆ R(T + ) ⊗ K(G/B) I , multiply as follows:
We therefore conclude that the isomorphism
is in fact a ring isomorphism, where the multiplication of any two basis elements γ v and γ v ′ for v ∈ C I , v ′ ∈ C I ′ and I, I ′ ⊆ ∆ is defined as in (3.42). ✷ 3.1. Relation with the equivariant K-ring of the wonderful compactification. Recall from [3, Proposition A2 ] that we have a canonical surjective morphism f : X → G ad from the regular compactification of G to the wonderful compactification of G ad , which further restricts to a morphism of toric varieties g : T + → T ad + , which is also proper and surjective. Furthermore, f is equivariant with respect to the action of G × G, where G × G acts on G ad via the quotient G ss × G ss .
In this section we relate using f , the G × G-equivariant and the ordinary K-ring of the regular compactification X, with the equivariant and ordinary K-ring of the wonderful compactification G ad respectively.
It follows from (1.1) that G ss is the universal cover of G ad , and
rank (G ss ) = r which is the semisimple rank of G.
Further, recall from [8] and [4, §2.2] that on G ad the isomorphism classes of line bundles correspond to λ ∈ X * (T ). Indeed, the line bundle L λ on X associated to λ, admits a unique G ss × G ss -linearisation so that (B ss ) − ×B ss acts on the fibre L λ | z by the character (λ, −λ), where z denotes the base point of the unique closed orbit
Moreover, L α i also admits a G ss × G ss -equivariant section s i whose zero locus is the
Further, since G = G ss × C, the line bundles L λ for λ ∈ Λ, in fact admit a G × G-linearization, by taking the C × C action to be trivial. The ring K G× G (X) gets the structure of an algebra over the ring K G× G (G ad ), by pull-back of equivariant vector bundles along f . The following theorem explicitly describes this structure.
Here
Proof: Note that G × G acts on G ad via the quotient G ss × G ss , so that C × C acts trivially on G ad . We therefore have the following
From [19, Theorem 3.3] , using the equalities (1.3), (1.4), (1.8), (1.13) and (3.45), it follows that the G × G-equivariant K-theory of G ad has the following description as an R( T ) ⊗ R( G)-module
(Note that in [19, Section 3] , G and T denote G ss and T ss respectively and X denotes G ad .) We now see that (2.18) and (3.46) together imply the following isomorphism of
where the R( T ) ⊗ 1-algebra structure on K G× G (G ad ) is from the first factor in the direct sum decomposition (3.46). Indeed, R( T ) ⊗ 1 is identified with the subring of
Moreover, since K T (T + ) has the presentation given by (3.33) as an R( T )-algebra, the theorem follows. ✷ 3.1.1. Relation with the ordinary K-ring of the wonderful compactification. The ring K(X) gets the structure of an algebra over the ring K(G ad ), via pull-back of vector bundles along f . The following theorem explicitly describes this structure.
Theorem 3.3.. The ring K(X) has the following presentation as a K(G ad )-algebra:
Here [L α ] denotes the class of the line bundle L α in K(G ad ).
Proof: Using the fact that C × C acts trivially on G ad , by (1.7) we have (3.49)
Again by (1.7),
under the canonical forgetful homomorphism from P ic G× G (G ad ) to P ic(G ad ). The equality (3.48) now follows from (3.44), (3.49) and (3.50).✷ Consider the principal T ad -bundle P corresponding to the direct sum of the line bundles V := 1≤i≤r L α i on G ad (see [9, Section 5] and [1, Section 10]). Then P can be thought of as a principal T -bundle where T acts via its quotient T ad . Then P × T T + is a toric bundle with fibre
space where the bundle map π : P → G ad is G × G-equivariant for the canonical G × G-action on G ad . Moreover, the right T -action is compatible with the left G × G-action on P .
as a K(G ad )-algebra are respectively isomorphic to the G× G-equivariant and ordinary Grothendieck ring of the above defined toric bundle P × T T + over G ad .
Proof: Since X is a projective regular embedding of G and T + is the inverse image of A r under the canonical morphism f : X → G ad , the restriction g : T + → A r of the projective morphism f is a projective morphism of toric varieties. This implies in particular that T + is a semi-projective T -toric variety.
Hence by Theorem 4.1 of §4 it follows that the right hand side of (3.44) and (3.48) in Theorem 3.2 and Theorem 3.3 are isomorphic respectively to the G × G-equivariant and ordinary Grothendieck ring of the toric bundle P × T T + over G ad . ✷ Remark 3.5.. Using techniques similar to [20, Section 4] we can alternately describe K(X) Q as
Moreover, the multiplication of γ v and γ v ′ for v ∈ C I , v ′ ∈ C I ′ and I, I ′ ⊆ ∆ is as defined in (3.42), where c w v,v ′ are now the multiplicative structure constants of the opposite Schubert classes described for instance in [20, (3.82) ]. Since this description involves the Schubert classes, it is more geometric in nature. However, we require rational coefficients for this description, since we use the lifts of the Schubert classes in R( T ) in the place of the Steinberg basis, and these lifts form a basis for R( T ) over R( G) only after localizing at the augmentation ideal I( G) = {a−ǫ(a) : a ∈ R( G)}.
Appendix

4.1.
Semi-projective toric varieties. In this section we recall the geometric definition and some essential properties of semi-projective toric varieties. Our description here is brief mainly fixing the notations and conventions necessary to state and prove the main result Theorem 4.1 in the next section (for details we refer to [13, Section 2]). 4.1.1. The geometric definition. For every scheme X there is a canonical morphism π X : X → X 0 to the affine scheme
of regular functions on X. We call a toric variety X semi-projective if X has at least one torus-fixed point and the morphism π X is projective (see [13, p. 501] ).
There are equivalent characterizations of a semi-projective toric variety in terms of the combinatorics of its defining fan, and also via geometric invariant theory (see [ We say that the triangulation ∆ of B is regular if there exists a T -Cartier divisor on ∆ which is ample.
By [13, Corollary 2.7] which characterizes smooth semi-projective toric varieties, we recall that its associated fan ∆ is a regular unimodular triangulation of a configuration of vectors B which spans the lattice N.
Characterization via GIT.
Let ∆ be a regular unimodular triangulation of B as above so that X(∆) is a smooth semi-projective toric variety.
In this section we first outline the construction by which we realize X(∆) as a projective GIT quotient of the complex affine space 
Applying Hom(., C * ) to (4.53) gives us the exact sequence
Thus the group G is embedded as a (d − n)-dimensional subtorus of (C * 
A polynomial in S is homogeneous if and only if it is a G-eigenvector. Let S θ denote the homogeneous polynomials of degree θ. Then S θ is a module over the subalgebra S 0 of degree 0 polynomials. Further, the ring S (θ) := ⊕ ∞ r=0 S rθ is a finitely generated S 0 -algebra. The projective GIT quotient
is then a toric variety that is projective over the affine toric variety We consider the following setting which is more general than the one considered in [18] .
Let π : E → B be an algebraic principal T -bundle, where B is an irreducible, non-singular and noetherian scheme over C. Let G be a connected complex reductive algebraic group. We let E and B be algebraic left G-spaces with π being G-invariant, so that the left Gaction on E commutes with the right T ≃ (C * ) l -action.
Let X be a smooth semi-projective T -toric variety and ∆ be its associated fan in N. Without loss of generality, for simplicity of notation we assume that {v 1 , . . . , v d } is the set of primitive vectors along the set of edges ∆(1) := {ρ 1 , . . . , ρ d } of ∆.
Let V (γ) denote the orbit closure of the T -orbit O γ of the toric variety X corresponding to a cone γ ∈ ∆. Let U σ denote the T -stable open affine subvariety corresponding to a cone σ ∈ ∆.
Further, corresponding to every edge ρ j , we have a canonical Tequivariant line bundle L j on X. Moreover, on X there are trivial line bundles L u = X × C u corresponding to characters u ∈ X * (T ). Here the bundle projection L u hu → X is T -equivariant where T acts on the fibre C u via the character χ u : T → C * . (see [10, Chapter 3] ).
Consider the associated toric bundle E(X) := E × T X where X := X(∆) is a smooth semi-projective T -toric variety associated to the fan ∆.
We define E( Associated to the T -stable subvarieties V (γ) corresponding to a cone γ in ∆, we define the subvariety E(V (γ)) := E × T V (γ) of E(X).
Let x be a T -fixed point in X. Then the projection p : E(X) → B has a canonical section s : B → E(X) defined by s(b) = [e, x] where e ∈ π −1 (b), so that p • s = id B . Thus the corresponding induced maps
In particular, p * is injective and K G (E(X)) gets the structure of K G (B)-module via p * .
We have the following theorem on the G-equivariant Grothendieck ring of the toric bundle E(X). 
We now fix some more notations and also recall necessary details about the structure of X and ∆ before we go to the proof of the above theorem.
The T -fixed locus in X consist of the set of T -fixed points Choose a generic one parameter subgroup λ v ∈ X * (T ) corresponding to a v ∈ N which is outside all hyperplanes spanned by (n − 1)-dimensional cones, so that the fixed points of λ v is the set {x σ 1 , . . . , x σm } (see [5, §3.1 
]).
For each x σ i , we define the plus strata as follows
λ v (t)x exists and is equal to x σ i }.
Then (4.59)
The union here is over the set of faces γ of σ satisfying the property that the image of v in N R /Rγ is in the relative interior of σ i /Rγ (see [13, Lemma 2.10] ). Since the set of such faces is closed under intersections, we can choose a minimal such face of σ i which we denote by τ i . Further, if we choose v ∈ |∆|, then we have X = m i=1 Y i , which is the Bialynicki-Birula decomposition of the toric variety X with respect to the one-parameter subgroup λ v . From (4.59) it follows that (4.60)
is an affine open set in the toric variety V (τ i ) corresponding to a maximal (n−k i )-dimensional cone in N/Rτ i (see [10, Chapter 3] ).
Corresponding to the ample T -Cartier divisor Ψ on ∆, we have the moment map µ : X → R n (see [13, p.503] ). Further, the image of X under µ is identified with a convex polyhedron Also, we can define the moment map µ v for the circle action on X induced by the generic one-parameter subgroup λ v by µ v (x) := v, µ(x) . Further, using µ v , we can define an ordering (4.61) σ 1 , σ 2 , . . . , σ m of the maximal dimensional cones so that
Then the distinguished faces τ i ⊆ σ i , with respect to this ordering satisfy the following ( * ) property:
This is equivalent to 
We claim that the restriction of ϕ defines isomorphisms ϕ i :
We prove this by downward induction on i. This is trivially true for i = m, since in this case E(Z m ) ≃ B. Consider the commutative diagram (4.69)
where the bottom row is a part of (4.68) and the top horizontal row is obtained from taking tensor product of the exact sequence an isomorphism. Furthermore, since K(Y i ) ≃ Z (see for example [11] ), it follows that the homomorphism K G (B) ⊗ K(Y i ) → K G (E(Y i )) in (4.69) is an isomorphism. Therefore if we assume the ϕ i+1 is surjective then it follows by diagram chase that ϕ i is surjective. Similarly if we assume that ϕ i+1 is injective, then since the bottom horizontal row is left exact by (4.68), it follows again by diagram chase that ϕ i is injective. ✷
